Abstract. In this note, the Chinese Remainder Theorem is proved by a simple and constructive method. This proof gives us a formula to compute all of the idempotents of an Artinian ring, specially Z/mZ, in an explicit way.
Introduction
The purpose of this paper is to give an explicit formula to calculate all of the idempotents of a finite ring or more generally an Artinian ring. It is worthy to mention that the set of idempotents I(R) = {f ∈ R : f 2 = f } of a commutative R with the binary operations f ∧ g = f g and f ∨ g = f + g − f g and unary operation f c = 1 − f forms a Boolean algebra. Also the map f D(f ) = {p ∈ Spec R : f / ∈ p} is a bijection between I(R) and the set of Zariski clopen (both open and closed) subsets of Spec R, see [1, Tag 00EE] . The idempotents are also very important in non-commutative situations. In this case, idempotents are tied with decompositions of modules (specially peirced decomposition), as well as to homological properties of the ring.
In this note, the Chinese Remainder Theorem is proved by a short and constructive method, see e.g. [1, Tag 00DT] for another proof. This proof enables us to calculate explicitly all of the idempotents of an Artinian ring. In particular, all of the idempotents of Z m = Z/mZ, the ring of integers modulo m, is easily computed. In the literature, as far as the author knows, there is not a general method to compute explicitly the idempotents of a finite ring even for Z m .
Main results
Theorem 2.1. Let I 1 , ..., I n be a finitely many ideals of a commutative ring R such that I i + I j = R whenever i = j. Then the canonical morphism π :
is surjective and whose kernel is
Thus there exist elements
n be a prime factorization of an integer m with c i ≥ 1 and p i are distinct prime numbers. Then the ring Z/mZ has 2 n idempotents and they are precisely of the form
Proof. By the above Theorem, the map ϕ :
If p is a prime number and c ≥ 1 then Z/p c Z is a local ring. Every local ring has no nontrivial idempotents. Thus Z/nZ has exactly 2 n idempotents and each one is precisely the preimage of some (ǫ 1 + p 
Recall that if R is an Artinian ring then every prime ideal of R is maximal and it has a finitely many maximal ideals. Also the Jacobson radical of R is nilpotent. We call the least natural number N the Jacobson nilpotency of R if J N = 0 where J is the Jacobson radical of R.
The following result can be viewed as a generalization of Corollary 2.2. E-mail address: ebulfez1978@gmail.com
